Abstract. The holographic description of supersymmetric RG flows in supergravity is considered from both the five-dimensional and ten-dimensional perspectives. An N = 1 * flow of N = 4 super-Yang Mills is considered in detail, and the infra-red limit is studied in terms of IIB supergravity in ten dimensions. Depending on the vevs and the direction of approach to the core, the supergravity solution can be interpreted in terms of either 5-branes or 7-branes. Generally, it is shown that it is essential to use the ten-dimensional description in order to study the infra-red asymptotics in supergravity.
Introduction
Since its original formulation, the holographic AdS/CFT correspondence [1, 2] has undergone some remarkable developments and extensions. In particular the holographic correspondence has been generalized to many non-conformal settings, and most particularly in the study of renormalization group (RG) flows. For the latter [3, 4] one starts from a UV conformal fixed point field theory on a brane, represented by an AdS solution in supergravity. Fields on the brane then represent boundary data (at infinity in AdS) for a supergravity solution [2] : That is, one perturbs the theory on the brane and finds the corresponding supergravity solution with the boundary data at infinity determined by the perturbing fields. The renormalization group flow is then believed to be given by looking at the radial evolution of the supergravity solution in a direction transverse to the brane. The cosmological scale factor in front of the brane metric becomes the RG scale, and a generic, positive energy perturbation on the brane causes this cosmological factor to decrease with the radius [4] . Thus the deep interior of the supergravity solution probes the infra-red structure of the perturbed field theory.
In this paper I will consider supersymmetric flows generated by mass perturbations, and special vevs in N = 4 Yang-Mills, and in particular I will focus on the infra-red structure suggested by the dual supergravity solutions. There are several reasons for considering these particular flows. First, the duality between IIB supergravity and large N, N = 4 Yang-Mills on D3-branes is perhaps the most extensively studied holographic correspondence and is therefore a natural starting point for studying non-conformal generalizations of the holographic correspondence. Secondly, supersymmetric flows afford the best oppurtunity to test the non-conformal, holographic correspondence. This is primarily because the supersymmetry, and associated non-renormalization theorems, enable the exact computation of some parts of the quantum effective action, or the determination of exact beta-functions [5] in the field theory on the brane. Moreover, the question of whether a supergravity calculation for large N field theory has a well defined, finite N counterpart is essentially the same as whether a solution to the supergravity equations represents a background "vacuum" for the complete string theory. One of the lessons of the last fifteen years has been that supersymmetric supergravity solutions can usually be generalized to string theory. In holographic language this means that supersymmetric supergravity solutions have a good chance of telling us something about finite N field theories, while non-supersymmetric solutions are in danger of merely probing large N pathologies.
While the D3-brane/IIB supergravity correspondence is framed in ten dimensions, it is possible to reduce one of the most important sectors down to a five-dimensional description. More precisely, gauged N = 8 supergravity in five dimensions provides an exact description of the "massless" sector of IIB supergravity reduced on S 5 . In terms of the physics on the brane, this means that one can use N = 8 supergravity in five dimensions to study mass perturbations and special vevs in N = 4 supersymmetric Yang-Mills theory. The benefit of using the five-dimensional formalism is that the structure and equations of motion are far simpler than their ten-dimensional counterparts, and this has enabled extensive analysis of RG flows, and most particularly for the supersymmetric flows (see, for example [6, 4, 7, 8, 9, 10, 11] ).
The reduction of the supergravity flow to a five-dimensional problem thus provides an extremely powerful computational tool, but there is a price: the correct physical interpretation of the flows is far from transparent in the five-dimensional world. Indeed, it is very easy to arrive at the wrong physical picture because of this five-dimensional "myopia". It is one of the primary purposes of this paper to show that the proper physical interpretation of the supergravity solutions requires that one find their tendimensional counterparts. It is important to stress that the five-dimensional solutions are neither wrong, nor incomplete, but that they encode the ten-dimensional data in a rather subtle manner that can obscure much of the physics. I will illustrate this in some detail for the holographic description of the N = 1 * flows in which N = 4 Yang-Mills is broken to N = 1 by giving an equal mass to all the chiral multiplets [8, 12, 16] . However, the issues addressed here have far wider consequences, especially for attempted descriptions of field theory via five-dimensional "brane worlds" (see, for example, [17, 18] ).
Flows in five dimensions
I will be considering the special class of fields in IIB supergravity that correspond to the "massless" perturbations of the AdS 5 × S 5 background. As is, by now, well known, this set of fields forms a consistent, closed subsector of the IIB supergravity theory, and the complete action for this subsector is given by that of gauged N = 8 supergravity in five dimensions [19] . In particular it is believed (with very considerable evidence) that any field configuration of the five-dimensional theory can be embedded in the ten-dimensional theory, and that solutions to the five-dimensional equations of motion "lift" uniquely to solutions of the ten-dimensional theory. Thus working in the five-dimensional theory restricts the class of fields considered, but does not restrict the validity of the solution in ten dimensions.
The five-dimensional solutions corresponding to RG flows have 5-metrics of the form:
(I will adopt the conventions of [4] throughout.) This metric preserves Poincaré invariance on the D3-brane, but allows for a "cosmological" scale factor, and in the flow interpretation, e A(r) represents the RG scale on the branes. For the flow solutions, one requires that A(r) ∼ r/L as r → ∞ so that the flow starts with the conformally invariant AdS 5 metric of radius L. One also usually only considers non-trivial scalar backgrounds that depend solely on r in the five-dimensional supergravity since this also respects the Poincaré invariance on the branes. In N = 8 gauged supergravity, there are forty-two scalars, ϕ j , and in the Yang-Mills theory these scalars are dual to the gauge coupling, the θ-angle, the fermion bilinear operators and the scalar bilinear operators. The latter have the form:
In terms of representations of the SO(6) R-symmetry, the foregoing operators transform as 10 ⊕ 10 ⊕ 20 ′ . The supergravity theory has a highly non-trivial scalar potential, P(ϕ i ), and the scalar equations of motion reduce to d
For each scalar field there are generically two solutions to this equation, one of which represents a non-normalizable mode of AdS 5 , and the other representing a normalizable mode. The former represents the insertion of a mass term, i.e. the insertion of one of the operators in (2) into the brane action, while the normalizable modes represent modifications to the state on the brane through operator vevs. If one requires that the flow preserve at least one supersymmetry on the brane then one must restrict how the scalars flow. In practice this is usually done by restricting to a subset of the scalars. One first shows that this restriction is consistent with the equations of motion, and then this restricted class of flows can usually be characterized in terms of a first order system:
where, on the restricted subsector, W is a superpotential that is related to P via:
In these expressions, g = 2/L, is the coupling of the gauged supergravity, and L is the radius of the asymptotic AdS 5 near infinity. Henceforth I shall normalize L by setting
One can show very generally that A ′ (r) must increase monotonically as r decreases [4] , and it follows that e 2A(r) will go to zero as as r decreases. There are thus two possibilities: either e 2A(r) vanishes only as r → −∞, or it vanishes at finite r with
for some exponent a. In terms of the superpotential, it can either flow to a critical point, or it can "flow to Hades:" W → −∞. The former represents a flow to a non-trivial, supersymmetric IR fixed point theory on the brane, and the geometry is non-singular, and interpretation is straightforward. An example of this was studied in detail in [4, 14] . Flows to Hades, in which e A behaves as in (6), appear to be singular as fivedimensional geometries, and one might be concerned that they are unphysical. However, there are quite a number of examples of physically sensible flows that have such asymptotics. The reason why we know that such flows are sensible is that we can lift them to ten dimensions, and analyse them in the IIB supergravity theory (see, for example, [7] ). I will return to this in the next section. For the present I simply wish to note that the five-dimensional metric contains rather minimal information about the IR asymptotics: All one has is the exponent, a.
The flows that I particularly wish to study here are the N = 1 * flows considered in [8] . On the brane the N = 4 Yang-Mills theory is broken to N = 1, large N, "super-QCD" by giving all three chiral multiplets a mass. For simplicity, these masses are taken to be equal, and the resulting theory preserves a global SO(3) symmetry. In terms of fermion bilinears, this means that one is turning on a (complex) supergravity scalar, m, that is dual to:
Tr (λjλj) .
While there is no explicit low energy supergravity field that is dual to the corresponding scalar mass term,
6
A=1 Tr (X A X A ), the supergravity theory always implicitly adjusts the solution to contain the proper amount of this field as required by supersymmetry. One can also consider what happens if the gaugino condensate σ ≡ Tr (λ 4 λ 4 ) is allowed to run simultaneously.
Since they will play a major role later, it is important to understand the residual R-symmetries of this scalar sub-sector. The original symmetry of the theory is SO(6) × SL(2, IR), where the latter describes the scalar coset of the IIB supergravity. The SL(2, IR) is a symmetry of the supergravity, but it is broken to SL(2, Z Z) in the string theory. In particular, the U(1) ⊂ SL(2, IR) represents "continuous duality symmetry" that must be broken in the string theory. In terms of the field theory on the brane, this "duality" U(1) will be a property of the large N theory, and will be broken at finite N. As remarked above, the mass perturbation preserves at least an SO(3) ⊂ SO(6), which acts in the SO(3) vector representation on the first three fermions λ i , i = 1, 2, 3. This SO(3) also remains unbroken when σ is turned on as well. The SO(3) commutes with an SO(2) inside SO (6) . Specifically, the generators of this SO(3) × SO(2) are the 6 × 6 matrices:
This SO(2) rotates m and σ by different phases. Any one, but not both, of these phase rotations can be undone by a U(1) duality rotation. Hence turning on m or σ alone preserves an SO(3)×SO(2) ‡, however, this extra SO(2) rotation involves a U(1) duality rotation and so will not be a symmetry of the finite N field theory. When both m and σ are turned on, the only remaining continuous symmetry is SO(3). However, there is still residual discrete symmetry: Let S = 0 1 −1 0 ∈ SL(2, IR), and define R to be the discrete, 90
• rotation defined by taking the second matrix in (8) to be an element of the group SO(6). The combination of these, RS, has order 4, and is a symmetry of the flows for arbitrary m and σ. Observe that S is indeed the S-duality transformation in SL(2, Z Z) ⊂ SL(2, IR), and indeed this should be a symmetry of the string theory. It follows that whatever structure one finds in the infra-red, one will find its S-dual at 90
• to that structure. This means that one can never see confinement in this class of supergravity solutions without fine tuning of the Wilson or 't Hooft loop: Any confining loop can always break to a screened loop by making a 90
• change of direction near the core of the solution. The superpotential on this sector is:
where I have used the symmetries of the problem to take m amd σ to be real. The equations (4) then have solutions [8] :
where and where the C j are constants of integration for the flows of m and σ. As noted in [8] , the physical metrics should have λ ≤ 1 since one should not have the gaugino condensate diverging before the mass scale diverges. The five dimensional metric becomes:
This is manifestly singular at t = 1, and the exponent, a, is 1 2 for λ < 1, and
for λ = 1. The structure of this singularity elucidates very little of the physics. To go any further, it is necessary to reconstruct the ten-dimensional counterparts of these flows.
The view from ten dimensions
It was shown in [6, 15] that the metric and dilaton configuration in ten dimensions can be reconstructed from the scalar field configuration in five dimensions. Specifically, let (V IJ ab , V Iα ab ) be the components of the E 6(6) matrix that characterizes the scalar fields as in [19] , and let ( V 
where ds 2 5 is the metric, (1), of the five-dimensional theory, and ds 2 5 =g mn dy m dy n is the metric on the deformed five-sphere. The inverse of this metric is then given by
where c is a normalization constant, and Ω ab is a USp(8) symplectic form. The warpfactor, ∆, is defined by
where the inverse metric,
• g pq , is that of the "round" S 5 . One can determine ∆ from (15) by taking the determinant on both sides.
Similarly, if S ∈ SL(2, IR) describes the dilation/axion of the IIB theory, then the gauge independent quantity SS T is given by
While (14) was expected based upon earlier results in other supergravity theories [20] , equation (17) was something of a surprise. Since the five-dimensional potential is invariant under the SL(2, IR) it was natural to think of these scalars as representing the holographic duals of the gauge coupling and θ-angle. This, however, is only correct at the UV fixed point where the five-dimensional SL(2, IR) represents the UV gauge couplings, which are true moduli of the theory. The ten-dimensional dilation/axion coset represents the gauge couplings as they flow, and mix with other couplings. The radial dependence thus gives the running gauge couplings on the brane. Equation (17) is thus important for several reasons. It represents an integrated version of the Callan-Symanzik equation, and for supersymmetric flows it must also contain an integrated NSVZ beta-function [15] . This result also represents a cautionary tale for brane-worlds: The relationship between the five-dimensional variables, and the ten-dimensional fields can be quite subtle and complicated. In particular, the tendimensional dilaton and axion can behave in a highly non-trivial manner while the five dimensional fields in the corresponding SL(2, IR) remain fixed.
It is only by lifting to the ten-dimensional solution that such relationships become manifest, and it is the tendimensional string theory, and not the five-dimensional field theory, that represents the "controlling authority" in IIB holography.
Returning to the "super-QCD," or N = 1 * , flow described in the previous section, one finds that the lift to ten dimensions has a rich structure. To describe it in detail, I must first parametrize S 5 in a rather unusual manner. Consider S 5 as the unit sphere in IR 3 × IR 3 :
The SO(3) R-symmetry invariance of the flows acts on S 5 by simultaneous rotation of u and v. Using such a rotation, we can reduce u and v to the form:
where j y 2 j = 1. Thus, the 5-sphere may be generically thought of an SO(3) ≡ IRIP 3 fiber over an S 2 base parametrized by y. However, an SO(3) rotation can negate any two Cartesian coordinates, and so the base is really S 2 /(Z Z 2 × Z Z 2 ), where we take y 1 , y 2 ≥ 0. This represents a quarter of a sphere, or a disk. Note that the perimeter of this disk is characterized by points at which u and v are parallel. If u and v are indeed parallel, then the SO(3) action degenerates: there is an SO(2) subgroup that fixes u and v, and the fiber is thus S 2 = SO(3)/SO(2). The geometric picture of S 5 is thus an SO(3) fibration over a unit disk, where the fiber degenerates to an S 2 at the perimeter. It is covenient to parametrize the disk in terms of the SO(3)-invariants:
So far all I have done is find a complicated description of S 5 , but this description is precisely adapted to the N = 1 * flows.
Flows with λ < 1: Seven-branes
Flows with λ < 1 (see (11) , (12)) have the gaugino condensate, σ, flowing "slowly," and as we will see it is the chiral multiplet mass that dominates in the infra-red, and determines the structure of the core of the supergravity solution. As we saw in (13), the 5-metric becomes singular as t → 1. However, in this limit one has dr ∼ dt t and ∆ gets a prefactor of (1 − t) ∼ χ 2 . Thus one finds that the ten-dimensional metric (14) is asymptotic to:
where
In taking this limit I have assumed that (1 − t) is small compared to 1 − w Moreover it consists of a flat (7, 1)-metric and flat Euclidean 2-metric with warp-factors that are precisely appropriate to the reduction of the ten-dimensional theory down to eight dimensions. The throat of the D3-brane metric is therefore rounding out into a 7-brane world at t ∼ 1, or at r ∼ C 1 . From (11) we have m ∼ √ 3e C 1 e −r as r → ∞, and hence the value of r at which the throat rounds out is set by the logarithm of the UV mass scale. Also note that the scale on the D3 brane limits to a finite value set by the UV mass scale (e C 1 ) and by (λ − 1). This suggests that this family of flows cannot access the far infra-red, and that the chiral multiplets do not fully decouple. It also suggests that the flows for λ = 1 should be qualitatively different in this respect.
It is also amusing to note that the (7, 1)-metric in (21) Finally, the dilaton background also develops a ring singularity that supports the 7-brane picture:
The ring singularity: Duality-averaged branes
In the foregoing I considered a limit in which (1−t) was small compared to 1−w
It is instructive to consider the opposite order of limits since it probes the ring singularity more closely. In particular, setting w 1 = cos(2θ), w 2 = sin(2θ) cos φ, one finds an asymptotic dilaton configuration of the form:
In terms of the IIB coupling, τ one has:
Observe that the singularity structure depends only rather weakly upon λ, and that, apart from a varying, but positive normalization factor, the ring singularity appears to be rotationally invariant.
Recall that for λ = 0 the flow has an SO(3) × SO(2) symmetry, and that the SO(2) symmetry is a combination of a duality rotation and the geometric rotation of u into v. Equation (24) shows that the ring singularity is generated by precisely such a symmetry: the singularity is smeared into the ring with a simultaneous duality rotation. Moreover (26) shows that τ approaches the real axis as t → 1: At finite N, a singularity at Im(τ ) = 0 can be interpreted in terms (p, q)-branes provided that τ approaches a rational point on the real axis. In the limit N → ∞ one gets a smooth distribution (p, q)-branes. While this SO(2) rotation is only a symetry for λ = 0, one sees that for 0 < λ < 1 the picture is qualitatively the same, and thus the infra-red structure is primarily determined by the flow of the chiral multiplet mass. As we will see, the structure is rather different for λ = 1.
Flows with λ = 1: Five-branes
If one looks at (21) one sees that various coefficients either vanish or diverge as λ → 1. Re-examining the asymptotics of the ten-dimensional metric for λ = 1 yields:
where ds 2 4 is a complicated, but regular metric on IRIP 3 and in the θ direction. The warp factor, Ω, is now given by:
The dilaton matrix takes the form
The metric and the dilaton no longer have a ring singularity, but only have a singularity at the points θ = ± π 4
, φ = 0. On the other hand, the metric now has a singularity at χ = 0. It is not so simple to give this metric a geometric interpretation, particularly since one of the internal directions is blowing up as χ → 0. Also note that the coefficient of the D3-brane metric vanishes as χ → 0, which, in principle, suggests that the flow probes arbitrarily far into the infra-red.
The metric and dilaton are actually a little more regular near χ = 0, θ = ±π/4, φ = 0, than is apparent from the foregoing. Setting θ = χ 2 and expanding in small χ, ψ and φ one finds:
where one now has:
Note that the metric (30) has round IRIP 3 fibers, but there is a conical singularity at φ = 0. The dilaton matrix becomes:
where Q is a rotation by θ = π/4. Motivated by [12] one would like to interpret this solution in terms of 5-branes. Indeed, it is apparent from the dilaton configuration that the foregoing solution appears to represent an S-dual pair of 5-branes: one of type (1, 1) and the other of type (1, −1) . The metric contains an SO(4)-invariant sector which presumably represents the 3-spheres (or at least IRIP 3 's) transverse to the putative 5-branes.
Supergravity and the phases of super QCD
The vacua of the N = 1 * theories have been extensively studied [21, 22] . The basic point is that the chiral multiplet mass modifies the superpotential so that the ground-state vevs for the (complex) scalars must satisfy:
If the mass parameter, m, is real then the solution to this equation is to take the Φ j to be some real combination of the anti-hermitian generators of an SU(2) subgroup of SU(N). It was thus argued in [13, 12] that the ground states of the N = 1 theory should correspond to the D3-branes becoming dielectric 5-branes that wrap a noncommutative S 2 whose radius is determined by j T r(|Φ j | 2 ) ∼ m 2 C 2 (R), where C 2 (R) is the quadratic Casimir of the SU(2) representation, R, induced by the embedding of SU(2) into SU(N).
To relate the field theory to the supergravity flows, recall that for finite N and for commuting vevs, the Φ j may be thought of as the Cartesian coordinates transverse to the D3-branes. More precisely, the solutions here have an SO(3)-invariance: In (33) the (real) SO(3) acts the indices i, j, k, with the real and imaginary parts of Φ i transforming separately, each as a triplet of SO(3). Thus the real and imaginary parts of Φ correspond to the coordinates u and v on S 5 . If we were to obtain precisely the solution of [12] then the 5-branes should emerge in the limit in which v j ≡ 0: Instead we find (for λ < 1) a ring singularity when u and v are parallel. The reason for this difference is easily understood: the supergravity solution has an extra continuous duality symmetry, and for λ < 1 the solution is smeared out into a "duality averaged" family of type (p, q) branes. This continuous symmetry must be broken by the string theory, or for finite N field theory, and presumably the ring singularity must resolve itself into a discrete rational family of type (p, q) branes.
For λ = 1, one arrives at something much closer to the ideas of [13, 12] . In particular, the supergravity solution has symmetries that are consistent with string theory, and finite N field theory, and appear to represent a pair of S-dual, oblique confinement phases of the field theory.
The flows with λ < 1 also exhibit the interesting new feature of "rounding out" into a 7-brane world of finite scale except when the vevs of Φ satisfy the reality condition ( u, v parallel) for which there is a vacuum state in the N = 1 * theory. Thus the supergravity theory "knows" that there is no (3, 1)-dimensional infra-red, field theory limit below the energy scale of the chiral multiplet mass, unless the vevs obey the proper reality condition.
Final comments
From the detailed analysis of the N = 1 * flows it is clear that working purely in five dimensions conceals much that is important. The details of how the flows behave in the far infra-red only become apparent once one lifts to ten dimensions. Because of the warp-factors, apparently singular metrics in five dimensions become far more regular in ten dimensions, and the singularities of the ten-dimensional solutions develop a rich but interpretable structure. In addition, contrary to naive expectations, the dilaton and axion flow in the ten-dimensional theory in a manner that is entirely determined by the running of the masses of the chiral multiplets and the gaugino vevs. Apart from giving information about the running coupling on the brane, the behaviour of the dilaton and axion also gives important information about the types of branes that emerge in the infra-red. While these details are, in principle, encrypted in the five-dimensional solution, the only way to make them apparent is to construct the lift to ten dimensions.
The supergravity solutions discussed here mesh very nicely with one's expectations based upon field theory. It is interesting to see how the supergravity solution "roundsout" so as to prevent access to the infra-red when the scalar vevs do not satisfy the proper reality conditions. One also sees the emergence of various types of dielectric 5-brane singularities and, depending on how the gaugino vev flows, one sees how the symmetries of the five-dimensional flow act on the 5-brane sources to produce a ring singularity, or a discrete pair of singularities.
Another lesson coming from the supergravity solutions described here is that the details of the infra-red singularity can depend discontinuously upon vevs: Here the infrared limit was essentially the same for all λ < 1, but changed dramatically at λ = 1. This suggests that in the infra-red there are only a discrete set of choices for vevs, and that the corresponding choices in the UV dramatically change the infra-red physics. This is precisely what is found in the field theory [22] .
This points to a draw-back of using N = 8 supergravity: It requires that one restrict ones attention to a very special sub-class of possible excitations. One has thus made some implicit choices of vevs in the UV, and so it will restrict the class IR fixed point theories. In particular, N = 8 supergravity methods can see only a limited subset of the general family of fixed points outlined in [12, 21, 22] . To access the broader classes of fixed points one must allow several different operator vevs to flow independently, and thus one must go back to the full ten-dimensional theory.
Thus, five-dimensional supergravity methods are very powerful in generating exact solutions, whereas competing ten-dimensional approaches [12] usually have to resort to linear approximations. Moreover, five-dimensional methods have led to significant insights into holographic field theories. However, the five-dimensional methods have limitations: There are restrictions on the families of solutions, and there is the "myopia" of the five-dimensional perspective. It has been shown here that at least the myopia can be completely corrected by lifting to ten dimensions. Before concluding I wish to try to extract a further lesson from the N = 1 * flows considered here. It was shown that the radius at which the brane-world geometry rounds out is given by r 0 ∼ log(m U V ), where m U V is the UV mass parameter that induces the breaking of N = 4 to N = 1 Yang-Mills. Such logarithms are very familiar in brane-world scenarios, and indeed one of the attractive features of these scenarios is that large energy scale differences are obtained from small geometric separations precisely through such logarithms. However, in the supergravity solution presented here, the brane geometry is not something that is chosen: It is a derived property from the "initial datum," m U V . Thus the freely choosable parameter still suffers from the hierarchy problem, and it raises the issue as to whether brane-world scenarios actually provide a solution to the hierarchy problem, or merely yield a geometric encoding of a logarithm.
Whatever conclusion one makes about brane-worlds and the hierarchy problem, the work described here illustrates a rather more general cautionary tale: To properly interpret a flow involving brane-world physics one must embed the branes in the full, parent string theory
